An extended shortest path problem: A data envelopment analysis approach  by Amirteimoori, Alireza
Applied Mathematics Letters 25 (2012) 1839–1843
Contents lists available at SciVerse ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
An extended shortest path problem: A data envelopment
analysis approach
Alireza Amirteimoori
Department of Applied Mathematics, Islamic Azad University, Rasht 41335-3516, Iran
a r t i c l e i n f o
Article history:
Received 9 August 2011
Received in revised form 16 February 2012
Accepted 17 February 2012
Keywords:
Shortest path problem
DEA
Efficiency
Input/output
a b s t r a c t
A special and important network structured linear programming problem is the shortest
path problem. Classical shortest path problems assume that there are unit of shipping cost
or profit along an arc. In many real occasions, various attributes (various costs and profits)
are usually considered in a shortest path problem. Because of the frequent occurrence
of such network structured problems, there is a need to develop an efficient procedure
for handling these problems. This paper studies the shortest path problem in the case
that multiple attributes are considered along the arcs. The concept of relative efficiency
is defined for each path from initial node to final node. Then, an efficient path with the
maximum efficiency is determined.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
One of the most important and successful topics in the field related to operations research, is the shortest path problem.
This problem is a network structured LP problem that arises in several contexts and that have deservedly received a great
deal of attention in the literature (see [1]). In classical shortest path problem, we are given a network G, having m nodes, n
arcs, and there is a cost cij associated with each arc (i, j) in G. The shortest path problem is to find the shortest (least costly)
path from the first node to final node in the network. However, in many real applications, we confront cases in which for
each possible arc, several kinds of attributes (costs and profits) are usually needed in a network problem.Moreover, decision
makers can have several different goals to achieve for each possible shipment and these goals may be in conflict with each
other. In such a case, finding the least costly or shortest path from initial node to final node is meaningless. In such cases,
corresponding to each path from origin to destination, a measure of efficiency is defined and we are interested in obtaining
a path from origin to destination with maximum relative efficiency. Such problems are called efficient path problems in our
study. Data envelopment analysis (DEA) is a nonparametric method in which multiple inputs (costs) and outputs (profits)
are useful in measuring the relative efficiency of operational units. The use of DEA brings a new insight to the shortest path
problem.As far aswe are aware, there is noDEA-based study regarding this subject in the literature. Chen and Lu [2] extended
the assignment problem by considering multiple inputs and outputs. They modeled the assignment problem as a classical
integer linear programming problem. Amirteimoori [3] studied the transportation problem in the presence of multiple in-
commensurate inputs and outputs. An alternative approach to the assignment problemwith non-homogeneous costs using
common set of weights in DEA has been proposed by Zarafat Angiz et al. (2003) and Emrouznejad et al. (2012). (See [4,5].)
The current paper makes a generalization to the classical shortest path problem by considering multiple inputs and outputs
for each possible arc. The problem of shortest path in such cases is converted into an efficient path. A DEA-based procedure
is introduced for determining an efficient path from origin to destination.
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2. An introduction to DEA
Data envelopment analysis (DEA) is a mathematical approach which assesses the comparative efficiency of a set of
decision making units (DMUs). Charnes et al. [6] first introduced the DEA concept and many articles have since appeared
that deal with various types of implementations. A great number of DEA applications and research have led to many new
developments in concepts and methodologies related to the DEA efficiency analysis [7]. In DEA, it is assumed that there are
n DMUs to be evaluated, each DMU with m inputs and s outputs. We denote by xij : i = 1, . . . ,m and yrj : r = 1, . . . , s the
values of inputs and outputs of DMUj, j = 1, . . . , n, which are all known and nonnegative. To estimate the DEA efficiency of
DMUo, we solve the following DEAmodel:
Max θo =
s
r=1
uryro
s.t.
m
i=1
vixio = 1,
s
r=1
uryrj −
m
i=1
vixij ≤ 0, j = 1, . . . , n,
ur , vi ≥ ε, for all r, i
(1)
where ε > 0 is a non-Archimedean construct to ensure strongly efficient solutions. As a theoretical construct, ε > 0
performs extremely well, bounding the multipliers away from zero. The decision variables are the weights ur and vi. The
efficiency ratio ranges between zero and one. When the optimal value of the objective function is equal to one, DMUo is
rated as relatively efficient and otherwise it is rated as relatively inefficient.
3. The shortest path problem
To formally describe the shortest path problem, consider a network G havingm nodes and n arcs, and a cost cij associated
with each arc (i, j) in G. In such a network we wish to find the shortest (least costly) path from node 1 to node m. Suppose
that there is a package originating in an initial node (node 1) which can be delivered to a final node (node m) along any of
several different paths. We are interested in having the package transshipped over the shortest path. The cost of the path is
the sum of the costs on the arcs in the path. The decision variables xij = 0 or 1 indicate that each arc is either in the path or
not. In other words, xij = 0 means that the package is shipped from node i to node j, and xij = 0 means that it is not. The
mathematical formulation for the shortest path problem is as follows:
Min Z =
k
i=1
k
j=1
cijxij
s.t.
k
j=1
xij −
k
l=1
xli =

1 if i = 1
0 if i ≠ 1 or i ≠ k,
−1 if i = k
xij ∈ {0, 1} for all i, j.
(2)
The well-known and instructive simplex algorithm can be used to solve the foregoing shortest path problem [1]. However,
two more efficient methods exist for this problem. When all costs are nonnegative, a very simple and efficient procedure,
known as Dijkstra’s algorithm exists for finding a shortest path from node 1 to nodem. A label-correcting algorithm is used
to solve the shortest path problem with arbitrary costs [1].
4. Efficient paths in network flow problem
In this section an extension to the classical shortest path problem is proposed by consideringmultiple attributes for each
possible arc in the network. We are given a network G having m nodes and n arcs. Let Ω = {1, 2, . . . ,m} be the node
set and Ψ = {(i, j) : (i, j) is an arc in G} be the arc set of G. Suppose there is a package originating in node 1 which can
be delivered to node m along any of several different paths. Unlike the classical shortest path problem, in an efficient path
problemmultiple attributes (multiple inputs andmultiple outputs) are considered for each arc. Specifically, for each possible
arc (i, j), the inputs and outputs are denoted as Xij =

x(1)ij , x
(2)
ij , . . . , x
(t)
ij

and Yij =

y(1)ij , y
(2)
ij , . . . , y
(s)
ij

, respectively. So,
for each possible arc (i, j), there are t + s attributes, t inputs x(l)ij , l = 1, 2, . . . , t and s outputs y(r)ij , r = 1, 2, . . . , s. Our
object is to find an efficient path from node 1 to node m and that each node in this path must be considered just one time.
In what follows, we are proceeding to define a measure of efficiency to each arc (i, j) in the network. Since each arc makes
a connection between two nodes, ‘‘from node’’ and ‘‘to node’’, for each possible arc (i, j), we define two measures. For each
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node i we consider all nodes h, h = 1, 2, . . . , di in which (i, h) is an arc in the network and suppose that each possible arc
(i, h) is a DMU. With the node i as a target, a measure of efficiency of the arc (i, j) is defined as the optimal objective value
of the following linear fractional programming problem:
Max
s
r=1
ury
(r)
ij
t
l=1
vix
(l)
ij
s.t.
s
r=1
ury
(r)
ih
t
l=1
vlx
(l)
ih
≤ 1, h = 1, . . . , di,
ur , vl ≥ ε, for all r, l
(3)
where ε ≥ 0 is a non-Archimedean infinitesimal quantity to enforce strict positivity of the weights. Using (3) we can obtain
the relative performance of each arc (i, j) by changing j in the model. The fractional program (3) can be converted into a
linear programming problem using the Charnes and Cooper [8] transformation as follows:
Max
s
r=1
ury
(r)
ij
s.t.
t
l=1
vix
(l)
ij = 1,
s
r=1
ury
(r)
ih −
t
l=1
vlx
(l)
ih ≤ 0, h = 1, . . . , di,
ur , vl ≥ ε, for all r, l.
(4)
Considering the fact that each arc (i, j) joins two nodes i and j, one can find that for each link (i, j) two efficiency measures
has been defined. Call these two measures as e(1)ij and e
(2)
ij . For unification of these two measures into a single measure, a
simple average of the measures e(1)ij and e
(2)
ij is used as follows:
eij =
e(1)ij + e(2)ij
2
. (5)
To determine a path from node 1 to node m with the maximum efficiency, we solve the following linear programming
problem:
Max Z =
k
i=1
k
j=1
eijxij
s.t.
k
j=1
xij −
k
l=1
xli =
1 if i = 1
0 if i ≠ 1 or i ≠ k,
−1 if i = k
xij ∈ {0, 1} for all i, j.
(6)
It should be pointed out that eij is the relative efficiency of arc (i, j). The foregoing problem is a variety of the classical shortest
path problemwith nonnegative costs and it can be solved by using the modified Dijkstra’s Algorithm or labeling Algorithm.
An important point to be noted is that each node must be considered just one time.
5. An example
In this section we illustrate the use of the proposed approach in a multiple input and output case. The aim is to illustrate
the practical relevance of our approach. A pharmaceutical shipment must be shipped from Tabriz in Azarbayjan province
to Zahedan in Systan & Blouchestan province in Iran. There are several different paths from Tabriz to Zahedan, shown in
Fig. 1. As the figure shows, there are 17 cities (each city is considered as a node) and 29 routes between each two cities
(each route is considered as an arc). For each route, we have used three variables (two inputs and one output) from the
data set as input/output variables. Shipping costs (x1) has been adopted as first input. The distance between each two cities
(x2) is considered as second input. The safety of the path (y1) is the single variable that plays the output’s role. The accident
insurance cost of each route reflects the safety of the route. The maximum accident insurance cost means the minimum
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Fig. 1. The routes network of the example.
safety of the route. So, we have used the inverse of this insurance cost as the single output. The data for each arc is given in
Table 1. We have solved the problems (4) and derived the optimal values to e(1)ij and e
(2)
ij for each arc (i, j). The values of e
(1)
ij ,
e(2)ij and eij are listed in the last three columns of Table 1. To determine an efficient path from Tabriz to Zahedan with the
maximum efficiency, we solve the efficient path problem (6) indicated by the data of Table 1.
Dijkstra’s algorithm is used to solve the shortest path problem (6)with the data in the last column of Table 1. The efficient
path is determined as
Tabriz → Rasht → Chalous→ Tehran→ Ghazvin→ Zanjan→ Hamedan→ Arak→
↓
← Shiraz ← Bandar–Abbas← Bushehr ← Yasouj← Shahre–Kord← Isfahan
↓
Yazd→ Kerman→ Zahedan
as highlighted in Fig. 1 with the maximum efficiency of 11.6755.
6. Conclusions
The shortest path problem is an important network structured LP problem that has been employed in a number of
applications. The classical shortest path problems are only concerned with the cost or profit along an arc. However, in many
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Table 1
Data and results.
J Route x1 x2 y1 e
(1)
ij e
(2)
ij eij
1 (Tabriz–Rasht) 70 481 0.17 0.6863 0.1681 0.4272
2 (Tabriz–Zanjan) 65 294 0.23 1 0.1769 0.5885
3 (Zanjan–Rasht) 52 253 0.29 0.4365 0.2788 0.3577
4 (Zanjan–Hamedan) 59 330 0.68 0.5763 0.6058 0.5911
5 (Zanjan–Ghazvin) 43 180 0.86 1 1 1
6 (Gazvin–Rasht) 51 173 0.28 0.6163 0.288 0.4522
7 (Ghazvin–Isfahan) 95 564 0.61 0.321 0.1981 0.2596
8 (Ghazvin–Tehran) 48 150 0.95 1 1 1
9 (Yazd–Tehran) 107 677 0.58 0.2891 0.6206 0.4549
10 (Rasht–Chalous) 36 198 0.52 1 1 1
11 (Chalous–Tehran) 63 202 0.16 0.1354 0.3016 0.2185
12 (Tehran–Arak) 51 288 0.71 0.732 0.7215 0.7268
13 (Tehran–Isfahan) 69 414 0.54 0.4174 0.2414 0.3294
14 (Hamedan–Arak) 41 188 0.78 1 1 1
15 (Hamedan–Shahrekord) 58 398 0.39 0.2074 0.3534 0.2804
16 (Arak–Isfahan) 78 291 0.76 0.3006 0.6295 0.4651
17 (Isfahan–Shiraz) 79 481 0.64 0.9275 0.2499 0.5887
18 (Shiraz–Yasouj) 51 258 0.35 0.8651 0.6679 0.7665
19 (Shiraz–Bandar–Abbas) 104 601 0.51 0.5615 0.8217 0.6916
20 (Shiraz–Yazd) 79 440 0.69 1 1 1
21 (Yazd–Zahedan) 157 928 0.49 0.6985 0.3573 0.5279
22 (Yazd–Kerman) 93 387 0.78 1 1 1
23 (Kerman–Zahedan) 141 544 0.63 0.5746 1 0.7873
24 (Kerman–Bandar–Abbas) 124 498 0.74 0.7373 1 0.8687
25 (Bandar–Abbas–Bushehr) 137 921 0.28 0.1918 0.3425 0.2672
26 (Bushehr–Yasouj) 61 320 0.65 1 1 1
27 (Yasouj–Shahrekord) 148 846 0.54 0.3424 0.1126 0.2275
28 (Isfahan–Shahrekord) 29 107 0.94 1 1 1
29 (Bandar–Abbas–Zahedan) 195 1039 0.81 0.9296 0.696 0.8128
real applications, various costs and profits are considered in a shortest path problem. The current paper has extended the
classical shortest path problem by considering several inputs and outputs. To determine an efficient path from origin to
destination with the maximum relative efficiency, a DEA-based approach is proposed.
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